For piezoelectric tensors, Olive (2014) proposed a minimal integrity basis of 495 hemitropic invariants, which is also a functional basis. In this article, we construct a new functional basis of hemitropic invariants of piezoelectric tensors, using the approach of Smith and Zheng. By eliminating invariants that are polynomials in other invariants, we obtain a new functional basis with 260 polynomially irreducible hemitropic invariants. Thus, the number of hemitropic invariants in the new functional basis is substantially smaller than the number of invariants in a minimal integrity basis.
The theory of representations for tensor functions is also of prime importance in the rational of material behaviors [2, 30, 24] . It was introduced to describe general consistent invariant forms of the nonlinear constitutive equations and to determine the number and the type of scalar variables involved. In the latter half of the twentieth century, representations in complete and irreducible forms of vectors, second order symmetric tensors and second order skew-symmetric tensors for both isotropic and hemitropic invariants in two-and three-dimensional physical spaces, were well established by Spencer [22] , Wang [25, 26, 27] , Smith [20] , Boehler [1] , Pennisi and Trovato [19] and simplified by Zheng [30] . In recent years, a series of breakthroughs for third and fourth order tensors have been achieved in this field [17, 16, 18, 5, 6, 12] .
The piezoelectric tensor contains eighteen independent elements in a three-dimensional physical space, since the last two indices are symmetric. As a special case of piezoelectric tensors, the third order symmetric and traceless tensor has seven independent elements. Smith and Bao [21] gave a minimal integrity basis of 4 isotropic invariants for third order symmetric and traceless tensors. Chen, Hu, Qi and Zou [5] proved that the Smith-Bao minimal integrity basis is also a minimal functional basis of isotropic invariants of third order symmetric and traceless tensors. The third order symmetric tensor is another spacial piezoelectric tensor and it has ten independent elements. By the recent work of Olive and Auffray [17] , a minimal integrity basis of third order symmetric tensors contains 13 isotropic invariants. Remarkably, Chen, Liu, Qi, Zheng and Zou [6] claimed that eleven out of thirteen isotropic invariants in the Olive-Auffray basis form a minimal functional basis of third order symmetric tensors. Liu, Ding, Qi and Zou [12] proposed a set of 10 isotropic invariants which forms a minimal integrity basis as well as a minimal functional basis of third order Hall tensors. In addition, Olive, Kolev and Auffray [18] presented a minimal integrity of 297 isotropic invariants for fourth order elasticity tensors.
In 2014, Olive [15] presented a minimal integrity basis of hemitropic invariants of the piezoelectric tensor, which consists of 495 hemitropic invariants. Is it possible to find a functional basis of hemitropic invariants of the piezoelectric tensor, which consists of polynomial invariants, such that the number of hemitropic invariants in that basis is substantially smaller than 495? We will give a positive answer to this question in this paper.
In this article, to obtain a functional basis of piezoelectric tensors, we apply a constructive method which was developed by Smith [20] and Zheng [29] . For a group of second order symmetric tensors, second order skew-symmetric tensors, and vectors, Smith [20] constructed a set of invariants of the tensor group, such that all tensors in the group could be determined from these invariants under a certain orthonormal basis. Zheng [28, 29] refined this method further. The constructive method provides several intermediate tensors with order one and two. Generally speaking, for recovering a higher order piezoelectric tensor, it is better to start from intermediate tensors than to begin with only zero order tensors. This is the motivation of our paper.
By the orthogonal irreducible decomposition [32] of tensors, the piezoelectric tensor is factorized into four parts: a third order symmetric and traceless tensor, a second order symmetric and traceless tensor, and two vectors. Since functional bases of second order tensors and vectors are well-studied, the third order symmetric and traceless tensor is the only undetermined tensor. By exploring contraction of indices of different tensors, we construct nine intermediate tensors: five second order symmetric tensors and four vectors. Using the approach of Smith [20] and Zheng [29] , we obtain a functional basis of 393 hemitropic invariants of these nine intermediate tensors.
Next, starting from these nine intermediate tensors, we recover seven independent elements of the third order symmetric and traceless tensor under a proper orthonormal basis. This means that the functional basis of 393 hemitropic invariants of nine intermediate tensors is also a functional basis of hemitropic invariants of the piezoelectric tensor. Finally, by eliminating hemitropic invariants that are polynomials of other invariants in the functional basis, we obtain a polynomially irreducible functional basis of piezoelectric tensors which contains 260 hemitropic invariants.
This paper is organized as follows. In Section 2.1, we introduce some basic definitions of tensor spaces and the orthogonal irreducible decomposition of piezoelectric tensors. In Section 2.2, preliminary definitions of invariants and functional bases of second order tensors and vectors are presented. In Section 3, starting from a set of nine intermediate tensors related to a piezoelectric tensor, we prove that the piezoelectric tensor is determined by these intermediate tensors. For this reason, a functional basis of the piezoelectric tensor is equivalent to a functional basis of these intermediate tensors. In Section 4, we present a polynomially irreducible functional basis of 260 hemitropic invariants of piezoelectric tensors as a final result. Moreover, some special cases are considered to partially verify the correctness of our work. Finally, some concluding remarks are addressed in Section 5.
Preliminary
In this section, we introduce some basic definitions and related results on the theory of representations for tensor functions.
Decomposition of a piezoelectric tensor
We denote Piez as the linear space of piezoelectric tensors with order three in a three-dimensional physical space. Clearly, a piezoelectric tensor contains 18 independent elements: P 111 , P 122 , P 133 , P 123 , P 113 , P 112 , P 211 , P 222 , P 233 , P 223 , P 213 , P 212 , P 311 , P 322 , P 333 , P 323 , P 313 , P 312 .
Let T ijk and T (ijk) be the real linear space of third order tensors and the real linear space of third order symmetric tensors in a three-dimensional physical space, respectively. Here, the notation (..) means invariance under all permutations of indices in parentheses. In this sense, we may denote Piez = T i(jk) .
Given a positive oriented orthonormal basis {e 1 , e 2 , e 3 } of the three-dimensional physical space, a tensor T ∈ T ijk could be represented as
where T ijk is a three-way array and ⊗ stands for the tensor product. We call T ijk the representing array of the tensor T and denote T = (T ijk ) for a given coordinate system. Let SO(3) be the rotation group in dimension three. Under an orthonormal basis, every rotation is described by an orthogonal 3-by-3 matrix g with det(g) = 1. An SO(3)-action on T ijk is denoted by * and defined by * :
A subspace F ⊆ T ijk is SO(3)-stable if for all T ∈ F, it holds that g * T ∈ F ∀g ∈ SO(3).
Generally, an SO(3)-stable space may be decomposed into smaller SO(3)-stable subspaces. If a space contains no proper non-trivial SO(3)-stable subspace, we call it irreducible under the SO(3)-action. Let H n be the space of nth order symmetric and traceless tensors. Here, traceless means that
Since there is a classical isomorphism in the three-dimensional physical space between H n and nth-degree harmonic homogeneous polynomials, a symmetric and traceless tensor is also called a harmonic tensor. All scalars and vectors are naturally harmonic. It is a classical statement that H n is irreducible under SO(3)-actions [17] .
Piez is not irreducible. Now, we factorize the space of piezoelectric tensors Piez into four irreducible subspaces [32] :
Using the approach given in [22] , we split a piezoelectric tensor P into four parts (A, u, D, v). The process is illustrated as follows
where S is a third order symmetric tensor with traces, N is a second order traceless tensor but it is asymmetric. Let us see more details. We denote ε ijk the Levi-Civita symbol and δ ij the Kronecker delta:
otherwise,
For a given piezoelectric tensor P = (P ijk ), we first compute a second order traceless tensor N = (N ij ) and a third order symmetric tensor S = (S ijk ) by
respectively. Second, from the second order traceless tensor N = (N ij ), we calculate a vector v = (v k ) and a second order symmetric and traceless tensor D = (D ij ), where
Finally, by the harmonic decomposition of the third order symmetric tensor S = (S ijk ), we obtain a vector u = (u k ) and a third order symmetric and traceless tensor A = (A ijk ) via
Next, we address existing results on hemitropic invariants of lower order tensors.
A functional basis of hemitropic invariants of second-order symmetric tensors and vectors
Before we start, we give some preliminary definitions. If for all T ∈ T ijk , a scalar-valued function
we call I a hemitropic invariant of T ijk . When we restrict scalar-valued functions in homogeneous polynomials, the algebra of invariant polynomials on T ijk is finitely generated, according to invariant theory [10] . 
. A functional basis is minimal if none of its proper subset is a functional basis.
For a given tensor T, a set of tensors
is called the SO(3)-orbit of T. Clearly, the functional basis has the property of separating SO(3)-orbits [18] . Since integrity bases are also functional bases [3] , both integrity bases and functional bases could separate orbits. In a geometric viewpoint, a piezoelectric material is a point in the orbit space Piez/SO(3).
Once a typical tensor T 1 in the SO(3)-orbit (SO(3) * T 1 ) is determined by the set of hemitropic invariants {I 1 , I 2 , . . . , I r }, we compute any hemitropic invariant of tensor in (SO(3) * T 1 ) from T 1 directly, which is clearly a scalar-valued function in I 1 , I 2 , . . . , I r . Thus, the set {I 1 , I 2 , . . . , I r } is named a functional basis of a tensor space.
Smith [20] proposed a constructive approach for determining a functional basis of secondorder symmetric tensors A 1 , . . . , A M , second order skew-symmetric tensors W 1 , . . . , W N , and first order vectors v 1 , . . . , v P in a common coordinate system. Whereafter, Boehler [1] refined Smith's functional basis. Pennisi and Trovato [19] proved that the refined functional basis is minimal. A summarize work was due to Zheng [30] .
Let {e 1 , e 2 , e 3 } be a positive oriented orthonormal basis. The Levi-Civita tensor ε = ε ijk e i ⊗ e j ⊗ e k is a constant tensor under the SO(3)-action. Hence, there is a one-to-one correspondence between skew-symmetric tensors W = (W ij ) and its axial vectors v = (v i ) [29] :
where εv := ε ijk v k e i ⊗ e j and ε[W] := ε ijk W jk e i . Here, we only consider the functional basis of second-order symmetric tensors A 1 , . . . , A M and vectors v 1 , . . . , v P , which contains the following hemitropic invariants [29, 30] :
where α, β, γ ∈ {1, 2, . . . , P } with α < β < γ, µ, ν, σ ∈ {1, 2, . . . , M } with µ < ν < σ, and [u, v, w] = v · (εu)w is the scalar triple product.
Recovery of a piezoelectric tensor
According to the decomposition of piezoelectric tensors (1), we know
where
For convenience, we define some tensors:
where B = (B ij ) is a second order symmetric tensor, F = (F ij ) and G = (G ij ) are second order symmetric and traceless tensors, E = (E ij ) is a second order traceless and asymmetric tensor, which is a sum of a symmetric and traceless tensor H and a skew-symmetric tensor (−εw), and c = (c i ) and w are vectors. Clearly, E is equivalent to H and w.
The outline of the process for constructing a functional basis of piezoelectric tensors is as follows. Using the approach of Smith [20] and Zheng [29] , we estimate a group of nine intermediate tensors c, u, v, w, B, D, F, G, and H (4) from a set of hemitropic invariants (which will be addressed in Section 4) under a certain positive oriented orthonormal basis. In a certain SO(3)-orbit, there are infinitely many group of tensors which are equivalent, so we only need to determine any one of them, i.e., a typical group of tensors is servable for identifying the SO(3)-orbit. The key point is to deal with a group of tensors under a common positive oriented orthonormal basis. We may further rotate tensors in the group (4) simultaneously to recover the third order symmetric and traceless tensor A. Once D, u, v, and
A are determined in a common positive oriented orthonormal basis, the piezoelectric tensor P is computed from (3) straightforwardly and hence the set of hemitropic invariants is a functional basis of piezoelectric tensors.
In the remainder of this section, we focus on the recovery of the only undetermined tensor A = (A ijk ) provided that tensors in the group (4) are known under a proper positive oriented orthonormal basis. Smith's method is our fundamental tool for recovering a piezoelectric tensor from a set of hemitropic invariants, i.e., its functional basis. A valuable tool in Smith's method is the composition of rotations such that multiple tensors have better structure. For example, we consider two nonzero vectors u and v that are not collinear. At the first step, we may rotate the coordinate system such that the direction of 1-axis is along with the vector u. Hence, we have u = u 1 e 1 where u 1 = √ u · u. Second, since 2-and 3-components of u are all zeros, we could fix 1-axis and further rotate 2-and 3-axes of the coordinate system such that v = v 1 e 1 + v 2 e 2 with v 2 > 0, while keeping u = u 1 e 1 . It is well-known that the composition of two rotations is still a rotation. In a word, we say that, under a proper positive oriented orthonormal basis {e 1 , e 2 , e 3 }, two vectors u and v could be represented as
respectively. If u and v are not collinear, we can further obtain u 1 > 0 and v 2 > 0. Furthermore, we define g(θ) as a rotation in the 2-3 plane with a representing array
As mentioned earlier, we have g(θ) * e 1 = e 1 for all θ and hence g(θ) * (e 1 ⊗ e 1 ) = e 1 ⊗ e 1 . By linear algebra, the second order symmetric and traceless tensor
satisfies g(θ)
The skew-symmetric tensor (e 2 ⊗ e 3 − e 3 ⊗ e 2 ) also satisfies g(θ) * (e 2 ⊗ e 3 − e 3 ⊗ e 2 ) = e 2 ⊗ e 3 − e 3 ⊗ e 2 for all θ. Now, we consider third order symmetric and traceless tensors + β(e 2 ⊗ e 2 ⊗ e 3 + e 2 ⊗ e 3 ⊗ e 2 + e 3 ⊗ e 2 ⊗ e 2 − e 3 ⊗ e 3 ⊗ e 3 ).
By calculations, it yields that
where α = α cos 3θ − β sin 3θ and β = α sin 3θ + β cos 3θ. Clearly, we have g(θ)
for all θ and γ. We note that patterns e 1 , e 1 ⊗ e 1 , e 2 ⊗ e 3 − e 3 ⊗ e 2 , d 0 , and d 1 are useful for the following analysis on recovering the tensor A.
The third order symmetric and traceless tensor A has a representing array A ijk :
which has seven independent elements A 111 , A 122 , A 112 , A 222 , A 113 , A 223 , and A 123 . To determine these elements, we consider the following cases. Before we start, we give two propositions. Proof. Denote u = u 1 e 1 and v = v 1 e 1 . By direct computations, we have
Clearly, when we fix 1-axis and rotate 2-and 3-axes of the positive oriented orthonormal basis {e 1 , e 2 , e 3 }, tensors B, D, E, F, G, c, u, v are invariant. For the tensor A, on one hand, under these rotation in the 2-3 plane, the rotated tensor A could also be represented by the pattern
On the other hand, all possible tensors d 1 ( α, β, γ) satisfying (8) are located in the same SO(3)-orbit and hence are equivalence. In this sense, the SO(3)-orbit of tensor A is determined. For simplicity, we set A = d 1 ( √ ∆, 0, γ) in a typical tensor group.
If trB = 0, we have A = 0 by Proposition 3.1. It is straightforward to construct the piezoelectric tensor from (3). In the following analysis, we suppose A = 0.
Case I: Vectors c, u, and v are not collinear. At the beginning, we introduce a tensor
where I 2 = trB and I 4 = trB 2 are defined in Proposition 3.1 and the last equality is verified directly by computation. Clearly, K = (K ij ) is completely determined by B. Next, we use equations
All elements of A ijk are known and hence the third order symmetric and traceless tensor A is determined under the basis {e 1 , e 2 , e 3 }. By a similar discussion, when c and v (resp. u and v) are not collinear, we use
In the remainder two cases II and III, we suppose that vectors u, v, and c are collinear.
Case II: D = 0. . If u = 0, we solve A ijk u k = F ij and obtain five elements of A ijk :
In 
We claim that B 12 = B 13 = 0. Otherwise, we assume B 2 12 + B 2 13 > 0 for contradiction. Since 
We now choose a proper positive oriented orthonormal basis {e 1 , e 2 , e 3 } such that the representing matrix of B is diagonal. Clearly, the above equations with i = j are trivial. Then, we consider the above equation with i = j and obtain
where the repeated subscript i with underline is not summarized. Hence, we claim that three diagonal elements B 11 , B 22 , and B 33 are all roots of a quadratic equation
Hence, at least two diagonal elements of B ij are equivalent. Thus, we assume B = B 11 e 1 ⊗ e 1 + B 22 (e 2 ⊗ e 2 + e 3 ⊗ e 3 ). Case II.2.2: B 11 = B 22 and hence B ij = B 11 δ ij . We could choose the positive oriented orthonormal basis {e 1 , e 2 , e 3 } freely. Let e 1 be the maximizer of f (x) = A ijk x i x j x k on the unit sphere {(x 1 , x 2 , x 3 ) : x 2 1 + x 2 2 + x 2 3 = 1} and let e 2 be the maximizer of f (x) = A ijk x i x j x k in the circle {(0, x 2 , x 3 ) : x 2 2 + x 2 3 = 1}. By KKT condition and some calculations, we have Remark. We can process Case II.2 by introducing the characteristic polynomial of B. Because B ij is a diagonal matrix, its diagonal elements are all eigenvalues of B. Thus, we consider the characteristic polynomial of B which is a cubic function. Applying the Cayley-Hamiltom theorem for a 3-by-3 tensor B, we get
where I = δ ij e i ⊗ e j is an identity tensor. By taking the trace operation, it yields that det(B) = 1 6 (trB) 3 − 3trB 2 trB + 2trB 3 .
Recalling B ij = A ikℓ A jkℓ and c i = A ijk B jk = 0, we have
Hence, combining the above three equations, we obtain
that is,
When the representing matrix of B is diagonal, its diagonal elements must satisfy a cubic equation
Clearly, this is the characteristic polynomial of B. Moreover, there is no factor decomposition in the cubic function in (16) . We know that three diagonal elements B 11 , B 22 , B 33 of the diagonal matrix B ij satisfy equations (15) and (16) simultaneously, i.e.,
That is to say, the above system has common roots. By the resultant theory in Algebra, this system of two polynomials has a common root if and only if its resultant vanishes:
By direct calculations, the resultant is indeed
Hence, we only need to consider the following two cases.
• When I 2 2 − 3I 4 = 0, the characteristic polynomial of B could be rewritten as
Hence B 11 = B 22 = B 33 = 1 3 I 2 , which is exactly Case II.2.2.
• When I 2 2 − 2I 4 = 0, the characteristic polynomial of B reduces to
Hence B 11 = 0, B 22 = B 33 = 1 2 I 2 . This is exactly Case II.2.1.
Hence, discussion of Case II is complete. Next, we study the last case.
Case III: D = 0. Since D is a second order symmetric and traceless tensor, we choose a proper positive oriented orthonormal basis {e 1 , e 2 , e 3 } such that 
(III.A) Equations
By the assumption of (III.A), we have D 
Equations A ijk B jk = c i for i ∈ {2, 3} are written as 
Thus A = d 1 (A 222 , A 223 , A 122 ). Now, we turn to A ijk u k = F ij which implies
If u 2 2 +u 2 3 = 0, we solve the above linear system and obtain A 222 and A 223 immediately. Otherwise, we have u 2 = u 3 = 0 and hence u = u 1 e 1 .
When v = 0 and c = 0, we process a similar discussion using
Whereafter, we consider the case that u, v, c are parallel to e 1 . Since 
Hence, A = d 1 (A 222 , A 223 , 0). Next, we consider A ijk u k = F ij , which yields
If u 2 2 + u 2 3 = 0, we solve the above linear system and obtain A 222 and A 223 straightforwardly. Otherwise, we have u 2 = u 3 = 0 and hence u = u 1 e 1 .
When v = 0 and c = 0, we process a similar discussion using A ijk v k = G ij and A ijk c k = K ij , respectively.
Finally, we consider the case that u, v, c are all parallel to e 1 . Moreover, it holds that A = Table 1 . In addition, these 260 hemitropic invariants are polynomially irreducible.
In the remainder of this section, we compare our result with some existing works. First, we consider a special case that the piezoelectric tensor is a third order symmetric and traceless tensor, i.e., D = 0, u = v = 0 and hence P = A ∈ H 3 . According to Olive and Auffray [17] , a set of five hemitropic invariants with degrees two, four, six, ten, and fifteen forms a minimal integrity basis of third order symmetric and traceless tensors. For our result, there are only five nonzero hemitropic invariants from Table 1 
Clearly, degrees of these five polynomially irreducible hemitropic invariants are two, four, six, ten, and fifteen, respectively. Moreover, the set of five hemitropic invariants in (22) and the one of Olive and Auffray [17] are equivalent. Second, a third order symmetric tensor is also a special piezoelectric tensor. Also in [17] , there are 27 hemitropic invariants consisting of a minimal integrity basis of third order symmetric tensors. For convenience, we use the same symbols as [17] and list all these 27 hemitropic invariants {i 2 , j 2 , . . . , i 15 } of different degrees in Table 2 .
In this case, we have D = 0, v = 0, and
Thus, P only refers to B, c, u, and F. From Table 1 , there are exactly 20 nonzero hemitropic invariants in Table 3 Table 4 . Here, "a ∼ b ⊕ c" means a can be linear represented by b and c. We notice that i 7 , k 9 , l 9 , m 9 , n 9 , i 11 , j 11 , i 13 can not be polynomial represented by {I 2 , . . . , [c, Bc, B 2 c]}, which agrees with our inference.
Finally, we list in Table 5 numbers of hemitropic invariants in different degrees of our poly- 
Final remarks
A polynomially irreducible functional basis of 260 hemitropic invariants of piezoelectric tensors has been constructed in this paper. There are 125 odd order hemitropic invariants and 135 even order hemitropic invariants in the new functional basis. We note that this polynomially irreducible functional basis of piezoelectric tensors are not necessary a minimal functional basis. At last, we claim that functional bases of piezoelectric tensors are more complex than that of elasticity tensors. On one hand, hemitropic invariants of a piezoelectric tensor are not necessary isotropic, since the piezoelectric tensor is of odd order. Nevertheless, hemitropic invariants and isotropic invariants of even order elasticity tensors are equivalent. So we focus on hemitropic invariants that forms a functional basis of piezoelectric tensors in this paper.
On the other hand, by the orthogonal irreducible decomposition of tensors, the elasticity tensor is factorized into a fourth order symmetric and traceless tensor, two second order symmetric and traceless tensors, and two scalars. Beside two scalars which are invariants naturally, we only need to consider invariants and joint invariants of three symmetric and traceless tensors for functional bases of elasticity tensors. However, according to (1), we must study invariants and joint invariants of four symmetric and traceless tensors for functional bases of piezoelectric tensors. In this sense, the polynomially irreducible functional basis of 260 hemitropic invariants of piezoelectric tensors is also significant for the theory of representations for tensor functions.
